We present a #uid-mechanical model of an individual cilium which incorporates discrete representations of the dynein arms, the passive elastic structure of the axoneme including the microtubules and nexin links. This model, based upon the immersed boundary method (Peskin, 1977) , couples the internal force generation of the molecular motors through the passive elastic structure with the external #uid mechanics governed by the Navier}Stokes equations. Detailed geometric information is available, such as the spacing and shear between the microtubules, the local curvature of individual microtubules and the stretching of the nexin links. In addition, the explicit representation of the dynein motors allows us the #exibility to incorporate a variety of activation theories. In this article, we choose a simple activation theory so that the ciliary beat is not present, but is an emergent property of the interacting components of the coupled #uid}axoneme system. We present numerical results from computer simulations of sliding disintegration and ciliary beating with several di!erent viscosities.
Introduction
Cilia and #agella are the prominent organelles associated with the motility of microorganisms. In some invertebrates, arrays of cilia generate water currents for the purpose of "lter feeding and particle capture. In mammals, cilia are responsible for the transport of mucus and foreign particles out of the airways and help defend the respiratory system from pathogenic organisms (Blake et al., 1998) .
The bending of cilia and eucaryotic #agella is produced by a core which is called the axoneme (cf. Murase, 1992; Witman, 1990, for review) . A diagram of the cross-section of a typical &&9#2'' axoneme is shown in Fig. 1 . The axoneme consists of a central pair of singlet microtubules surrounded by nine outer doublet microtubules. The axoneme is encased by the cell membrane. The nine outer doublets are connected by radial spokes to a sheath surrounding the central pair. In addition, the outer doublets are connected by protein structures, named nexin links, between adjacent pairs of doublets. The rows of dynein arms extend from an outer doublet toward an adjacent doublet at regularly spaced intervals. The microtubule doublets are comprised of a complete microtubule known as the A-tubule and an incomplete microtubule, the B-tubule. The dyneins are bound to the A-tubule. The binding of dynein to the A-tubule is insensitive to MgATP, whereas the dynein attachment to the B-tubule is disassociated by very low concentrations of MgATP (Omoto, 1991) . The bending of the axoneme is caused by sliding between pairs of outer doublets. Active sliding is due to the unidirectional ATP-induced force generation of the dynein power stroke. Backward, passive sliding is due to the active sliding of other pairs of doublets within the axoneme. The precise nature of the spatial and temporal control mechanisms regulating the various #agellar and ciliary beats is still unknown.
Considerable interest has been focused on understanding how the local force production of the dynein motors is translated into the controlled, regular beating of the global structure. An accurate mechanical model should include an explicit representation of the force generation and activation dynamics of the dynein molecular motors, and the forces due to the passive structure of the microtubules, nexin links, and radial arms. These forces should be coupled to the viscous hydrodynamics of the surrounding #uid. Satir et al. (1998) has developed a three-dimensional computer model of the axoneme based upon a detailed description of axonemal physiology. Individual structures are modeled explicitly, such as the inner and outer dynein arms, and stochastic activation dynamics are simulated. However, the viscous resistance provided by the underlying hydrodynamics is not included in this model.
Another model of axonemal mechanics is Lindemann's geometric clutch theory (Lindemann, 1994, N.D.) . This model treats the axoneme as dynamic elastic linkages exerting force between longitudinal arrays of doublet microtubules. The theory contends that the transverse force that develops in the plane of bending of the axoneme changes the spacing between doublet microtubules and, in turn, a!ects the likelihood of dynein bridges forming to pull the microtubules even closer together. The geometric clutch algorithm tracks two sets of discrete dyneins between microtubule doublets on opposite sides of the axoneme. Probabilities of attachment and detachment of the dynein cross-bridges on either side of the axoneme are dynamically computed as a function of the geometry of the structure, the instantaneous transverse forces, and the current activation states of the dyneins. (Note that in our preliminary two-microtubule model presented below, we also track a discrete set of dynein bridges, but not those on opposing sides of the axoneme simultaneously. This will be possible in a three-microtubule model that is currently under development.)
The computer simulations based upon the geometric clutch theory have produced both ciliary and #agellar waveforms. However, only a rudimentary account of the hydrodynamics is included by approximating the viscous drag at each segment of the structure. Di!erent segments along the length of the structure do not hydrodynamically interact.
The coupled system of a viscous, incompressible #uid and a single, force-generating organism is di$cult to analyse. In the past decades, the e!orts to describe quantitatively the #uid dynamics of spermatozoa and ciliary propulsion have been very successful. Since the Reynolds number is quite small and inertial e!ects can be neglected, the linear Stokes #ow assumption has been used to investigate the hydrodynamic consequences of #agellar undulations (Brennen & Winet, 1977) . These investigations have been both analytical and computational. Resistive-force theory, initially developed by Gray & Hancock (1955) , makes use of the linear Stokes #ow assumption, and constructs the #ow "eld by means of distributions of fundamental singularities. Models of ciliary and #agellar motion based on a generalized resistive force theory have been developed and explored by several researchers [see, for example, Brokaw (1972) , Brokaw & Rintala (1977) , Hines & Blum (1978 , 1979 ]. A comprehensive review of this class of mathematical models is presented in Murase (1992) . Lighthill improved this theory by incorporating slender-body approximations (Lighthill, 1976) , since the diameter of a #agellum is much smaller than its length. More detailed hydrodynamic analysis, such as re"ned slender body theory and boundary element methods, have produced excellent simulations of both twoand three-dimensional #agellar propulsion in an in"nite #uid domain or in a domain with a "xed wall (Higdon, 1979a}c; Phan-thein et al., 1987) . In the all of these #uid dynamical models, the shape of the ciliary or #agellar beat was taken as given.
A model of ciliary beating that does include both internal bend-generating mechanics and accurate #uid dynamics has been developed by Gueron & Liron (1992 , 1993 . In this work, digitized data from the beat pattern of a cilium of a Paramecium has been used to calculate the parameters of an internal engine that depends only upon the geometry of the cilium. This engine is used to generate force and is coupled to a hydrodynamic model. Realistic beat patterns emerge, and metachronism is exhibited in arrays of cilia (Gueron et al., 1997; Gueron & LevitGurevich, 1999) . In this model, the cilium is treated as a slender body, and there is no attempt to track the individual protein structures of the axoneme.
We have developed a model for an individual cilium which incorporates discrete representations of the dynein arms, the passive elastic structure of the axoneme including the microtubules and nexin links. This model, based upon the immersed boundary method (Peskin, 1977) , couples the internal force generation of the molecular motors through the passive elastic structure with the external #uid mechanics. Detailed geometric information is available, such as the spacing and shear between the microtubules, the local curvature of individual microtubules and the stretching of the nexin links. In addition, the explicit representation of the dynein motors allows us the #exibility to incorporate a variety of activation theories. Here, we choose a simple activation mechanism so that the ciliary beat is not preset, but is an emergent property of the interacting components of the coupled #uid} axoneme system.
In this paper, we present a preliminary twodimensional model of the #uid}axoneme system. The mathematical framework is presented in Section 2, and an outline of the numerical implementation is presented in Section 3. In Section 4, we present computational results, including the sliding disintegration of a trypsin-treated axoneme, a symmetric ciliary beat, and a curvature-controlled ciliary beat. In addition, we show how the beat of the same curvature-controlled cilium is a!ected by di!erent #uid viscosities.
Mathematical Model
The formulation of our model is based on the immersed boundary method, "rst introduced by Peskin (1977) to model blood #ow in the heart. This method treats neutrally buoyant elastic boundaries immersed in a #uid as regions of #uid in which additional forces are applied. These elastic boundaries may be thought of as delta-function layers of force that exert force on the #uid and alter its motion, but at the same time move at the local #uid velocity. The immersed boundary method has been used in a variety of biological applications including the study of sperm motility in the reproductive tract (Fauci & McDonald, 1995) , platelet aggregation (Fogelson, 1984) , bio"lm processes (Dillon et al., 1996; Dillon & Fauci, 2000) , three-dimensional blood #ow in the heart (Peskin & McQueen, 1989a, b) , limb development (Dillon & Othmer, 1999) , and large deformation of red blood cells (Eggleton & Popel, 1998) .
The structure of the two-dimensional model axoneme consists of two microtubules (see Fig. 2 ). Each microtubule is modeled as a pair of "laments with diagonal cross-links. The "laments are highly resistant to stretching and compression but o!er no resistance to bending. Resistance to bending of the microtubules is governed by the elastic properties of the diagonal crosslinks. In the con"guration shown here, the diagonal cross-links and associated sections of the "laments form equilateral triangles in the resting con"guration. Adjacent pairs of microtubules are interconnected by linear elastic springs representing the nexin and/or radial links of the axoneme.
Dynein motors are represented as dynamic diagonal elastic links between adjacent pairs of microtubules. These elastic springs may form, change connectivity, and may be broken during the course of the computations. Dynamic link formulations have been used in other immersed boundary calculations to model cell}cell cohesion in platelet aggregation (Fogelson, 1984) and bio"lm formation (Dillon et al., 1996) . In addition, dynamic links have been used to simulate a viscoelastic #uid within the immersed boundary framework in Bottino (1998) .
In cilia and #agella, the active sliding between adjacent pairs of microtubules can occur in only one direction. Thus, dyneins on di!erent pairs of microtubules must be activated in order to produce a ciliary beat. We accomplish this in our model by allowing two con"gurations. In the left to right con"guration shown in the schematic, designated¸R mode, the dyneins are permanently attached to "xed nodes on the left microtubule. Dynein attachment on the opposite microtubule attachment sites can be transitory. Contraction of the dynein generates sliding between the two microtubules with the right-hand microtubule moving upwards relative to the left. Since the pair of microtubules is tethered at the base, sliding is converted to bending and the tip moves toward the right. In the right to left con"guration, designated R¸mode (not shown), the dyneins are permanently attached to "xed nodes on the righthand microtubule and extend downward toward transitory attachment sites on the left-hand microtubule. As the dyneins contract, the lefthand microtubule moves upward relative to the right-hand microtubule and the tip moves toward the left. In either con"guration, one end of a dynein can attach, detach, and reattach to attachment sites on the microtubule.
The axoneme is tethered to "xed points in space via strong elastic springs at the base. In addition, a wall representing the boundary of a cell is included. The cell wall is anchored to a "xed location in space via strong elastic forces. The entire structure is embedded in a viscous incompressible #uid.
MATHEMATICAL FRAMEWORK
The #uid is regarded as viscous and incompressible, and the microtubule "laments that comprise the axoneme are elastic boundaries immersed in this #uid. The other protein structures within the axoneme will be represented as forces which act upon the "laments. We assume that the #ow is governed by the Navier}Stokes equations
which describe the balance of momentum and conservation of mass in a viscous incompressible #uid. Here is the #uid density, is the #uid viscosity, u"(u, v) is the #uid velocity, p denotes the pressure, and F is the force density (force per unit area in two dimensions) which is exerted on the #uid by the axoneme and cell wall. The force density F in eqn (1)
includes contributions arising from the deformation of the elastic structure of the microtubules F + , elongation of the nexin/radial links F , , contraction of the dynein links F " as well as tethering forces that prevent movement of the cell wall F ! and of the base of the axoneme F 2 . Each of the microtubules, in this two-dimensional model, is represented at time t as a pair of one-dimensional "laments, XI(s, t), indexed by 418 R. H. DILLON AND L. J. FAUCI *As shown in the schematic (Fig. 2) , each of the inner "laments has two more nodes than the outer "laments. As a result, the outer "laments of the axoneme are indexed with
a Lagrangian parameter s (arclength in an unstressed con"guration). The force per unit length fI(s, t)
along the k-th "lament includes contributions from the elastic structures of the microtubules f I + , nexin/radial links f I , , dynein links f I " , and tethering forces that prevent movement of the base of the axoneme f I 2 . The force densities
Here, the integrations are over the "laments, and is the two-dimensional Dirac delta function. Note that this integral communicates the force de"ned on the immersed boundaries ("laments) to a force de"ned in all of space. Of course, the force F 6 is non-zero only at points in space that coincide with immersed boundary points. In the discrete formulation described in the next section, we will use an approximation to the deltafunction. The force de"ned on the "laments will be spread to spatial points in a smeared region around these immersed boundaries.
A cell wall at time t is represented by X ! (s, t) where the Lagrangian parameter 0)s)¸! anḑ ! is the unstressed length of the cell wall. The wall is held at a "xed target location in space X ! (s) with forces of the form
where S ! is the spring constant for the cell wall tethers. The cell wall force distribution F ! is obtained by the equation
where the integration is over the cell wall. Our coupled #uid}axoneme system is closed by requiring that the velocity of the microtubules and cell wall must be equal to the local #uid velocity at each point.
Here the integration is over the entire #uid domain. The velocity of the cell wall *X ! (s, t)/*t is determined by a similar equation.
In the following, we present a detailed description of the discretized version of this immersed boundary model. The microtubule "laments XI(s, t) are discretized and represented as immersed boundary points or nodes XI G (t) with i"1, 2 , N N . Similarly, the microtubule forces f I 6 (s, t) are represented as discrete forces f I 6G (t) at the immersed boundary points.
MICROTUBULES
We represent each microtubule as a pair of "laments with additional cross-link forces between the "laments. The "laments themselves are composed of individual elastic links. The diagonal cross-links and "lament links attach at the immersed boundary points. In the con"guration shown in Fig. 2 , pairs of upper and lower crosslinks form equilateral triangles with the associated "lament links. The N N nodes on each "lament are indexed with i"1, 2 , N N from base to tip* and we imagine that between each pair of successive points XI G , XI G> on a microtubule "lament, there is an elastic spring or &&link'' which generates forces to push the link's length toward a speci"ed resting length. As illustrated in Fig. 2 , each immersed boundary point is connected by elastic springs to the two nearest nodes on the same "lament as well as to the two nearest nodes on the opposite "lament of the same microtubule via diagonal elastic springs. The microtubule forces fI +G (t) include a contribution from the link between the i-th-node and the (i#1)-th node on the same "lament of the form
This force is, therefore, a sti!ness constant (S D ) times the deviation from rest length ( s D ) and is applied tangent to the spring. In addition, forces due to the elastic diagonal cross-links are also generated. The equations for the diagonal forces are similar to eqn (9) with sti!ness constant S B and resting length s B " s D . The sum of the forces at the i-th node on the k-th "lament due to the elastic links along the "lament and diagonal cross-links is given by f I +G (t). The axoneme can also be tethered to "xed points in space at the base of the axoneme. The equations for the tethering forces at these nodes have the form
for i"1, 2 , N 2 where X I G are the locations of the "xed tethering points and S R is the tethering spring force constant.
The equations governing the tethering forces f ! G along the discretized cell wall X! G have a similar form
for i"1, 2 , N ! where X ! are the locations of the N ! tethering points and S ! is the tethering spring force constant.
DYNEINS AND NEXIN LINKS
Dyneins are represented in the model as elastic links between the two microtubules. The dynein forces are applied at the immersed boundary points on the inner "laments (k"2 and 3) as shown in Fig. 2 . During the course of a simulation, the con"guration of the dyneins is set in one of two ways:
E¸R mode. The active dyneins are oriented diagonally downwards from the left microtubule to the right microtubule. As these dyneins contract, the right microtubule slides distally relative to the left microtubule and the structure bends toward the right.
E R¸mode. The active dyneins are oriented diagonally downwards from the right microtubule to the left microtubule. As these dyneins contract, the left microtubule slides distally relative to the right microtubule and the structure bends toward the left.
The model schematic shown in Fig. 2 illustrates the dynein con"guration for the LR mode. Dynein elastic links are shown connecting the i-th node on the inner "lament of the left microtubule with the (iM !M)-th node on the right microtubule. The index i is the closest node on the inner "lament of the right microtubule. The o!set M is set at 2 for all of the simulations shown in this paper. Let X* G for i"1, 2 , N N be the immersed boundary points along the inner "lament of the left microtubule and X0 G be the nodes along the inner "lament of the right microtubule. Similarly, let f * G and f 0 G be the dynein forces at these immersed boundary points. The equation for the dynein force at X* G in the LR mode is
where S BWL is the dynein spring force parameter. The dynein forces at each end of the dynein are equal and opposite with f 0 iM !M "!f* G . Dynein forces in the RL mode are described similarly. Note the dynein force is represented as a linear elastic spring with zero resting length. This discussion applies to dyneins that are currently active. The activation of dyneins will be discussed below.
Dynein connectivity is reassessed at each time step of a numerical simulation. As the microtubules slide, the endpoint of a dynein link may &&ratchet'' from one node of the microtubule to another. As an illustration, Fig. 3 shows the dynein connectivity at two frames in a representative numerical simulation. As shown in the "gure, it is possible for a single attachment site to be the target for two dyneins. However, we allow only one to generate force. So, in e!ect, only one dynein is allowed to attach to an attachment site at one time.
Nexin links and or radial spokes are also represented in this model. In the LR mode as shown in Fig. 2 , the nexins form a link between the inner FIG. 3. Illustration of dynein connectivity. Initial con"guration shown in (a) and at a later time in (b). This simulation is described in more detail in Section 3.3.
"laments connecting the node at X0 G (t) with X * G where X * G is the closest point on the left, inner "lament. The equation for the nexin link force
The force at X * G is !f0 ,G . Thus, the nexin/radial spoke force is a normal force applied orthogonally to the tangent lines of the "laments at the two points. The force applied has force constant S , and resting length s , . The latter is chosen to be the resting length separating distance between the two microtubules.
The dynein force parameter S BWL in eqn (12) at the i-th dynein may depend upon the local intermicrotubule spacing z G . In LR mode z G "#X0 G !X * G # with a similar expression in the RL model. We assume that the dynein spring parameter has the form S BWL (z)"SK BWL g(z). The form of g is described in Section 3.
The dynein forces and nexin/link forces described here can also be viewed as a single mechanism describing a model dynein. The tangential forces of the diagonal links generate the shear forces and are responsible for sliding, whereas the nexin/radial link forces resist changes in intermicrotubule spacing.
FORCE FIELD
The forces due to all of the springs representing the "lament links, diagonal cross-links, nexin/ radial spoke links, and dyneins contribute to the force density function at each of the nodes. A discrete version of eqn (3) is used to spread this force density de"ned along microtubules to a force "eld on the #uid domain. The microtubule point forces are distributed to the #uid by the use of an approximate delta function of the form 
We refer the reader to Peskin (1977) for details. The discrete version of the microtubule force "eld for the microtubule force "eld F + is given by
The cell wall force "eld is obtained similarly. The active dynein force "eld F" is given by
Similar equations are used to obtain the nexin/ radial link force "eld.
NUMERICAL ALGORITHM
We can summarize the immersed boundary algorithm as follows: suppose that at the end of time step n we have the #uid velocity "eld uL on AN INTEGRATIVE MODEL OF CILIARY BEATING -The immersed boundary points along the cell wall have the standard resting length of 0.5h. The spacing of the nodes along the microtubule "laments may allow some #uid #ow through the microtubule "laments. a grid, and the con"guration of the immersed boundary points comprising the "laments of the microtubules (XI)L and the cell wall (X A )L. Then to advance the system by one time step we: 1. Reassess the connectivity structure of dynein motors and nexin/radial spoke links. 2. Decide upon the activation of dyneins based upon the con"guration of the "laments of the microtubules (XI)L. 3. Calculate the force densities fI from the microtubule boundary con"guration, dyneins, nexins links and axonemal tethers. 4. Calculate the force densities f A from the cell wall con"guration (X A )L. 5. Spread the force densities to the grid to determine the forces F on the #uid. 6. Solve the Navier}Stokes equations for the #uid velocities uL>. 7. Interpolate the #uid velocity "eld to each immersed boundary point (XI)L and (X A )L and move the point at this local #uid velocity.
In step 1 we also determine if the simulation should continue in its current mode (say LR) or switch modes. It is in step 2 that we may implement di!erent dynein activation strategies. The kinetics of individual dynein activation may depend upon the geometry of the structure, such as local curvature, shear and intermicrotubule spacing. In addition, the activation kinetics may be stochastic. For a comprehensive discussion of the modeling of dynein activation, see Murase (1992) .
The crucial feature of this #uid}structure interaction model is that the axoneme is not the computational boundary in the Navier}Stokes solver. This immersed boundary is the source of a dynamic force "eld which in#uences the #uid motion through the force term in the #uid equations. Since the computational domain is a "xed rectangle, we can use an e$cient #uid solver designed for a regular grid with simple boundary conditions. For step 6 we use the projection method of Chorin (1968) with periodic boundary conditions. Steps 5 and 7 involve the use of the discrete delta function shown in eqn (14) which communicates information between the grid and the immersed boundary points.
Numerical Simulations
In this section, we present numerical results from several illustrative simulations. The simulations illustrate sliding disintegration of the axoneme (Section 3.1), symmetric ciliary beating (Section 3.2), curvature controlled recovery (Section 3.3), and ciliary beating under varied viscosity (Section 3.4). The "rst three simulations show the model in progressively more complex form. In the "rst, the axoneme is untethered at the base so that the microtubules can freely slide and extend the axoneme's length. In the second, the axoneme is tethered at the base and a cell wall is included. The beat is symmetric with a power stroke in both directions. In the third, a mechanism of curvature-control governs the speed of the traveling wave of dynein activation for the recovery stroke and gives a ciliary beat. Finally, we look at the e!ects of viscosity on the model ciliary beat.
In each of these simulations, the 40 m; 40 m #uid domain is represented on a 256;256 "nite-di!erence grid. The cilium is approximately 14 m in length and has 120 immersed boundary points or nodes on each of the four "laments. Reasonable simulations can be obtained on a smaller domain of 20 m;20 m on a 128; 128 grid. We have used the larger domain here in order to reduce the in#uence of the periodic #uid boundary conditions on the behavior of the cilium. 
Here, d , is the unstressed intermicrotubule distance. Thus, the spring force parameter decreases linearly if the microtubule spacing is less than d , . In our simulations using this piecewise linear form for g, the ciliary waveform is superior to that obtained in simulations (not shown here) with g taken as the constant function g(z),1.
SLIDING DISINTEGRATION
One of the original experiments that showed direct evidence for active sliding between microtubules was provided by Summers & Gibbons (1971) . Sea urchin #agellar axonemes were demembranated and then treated with trypsin. This disrupted the nexin links and radial spokes. With the addition of ATP and Mg>, active sliding was induced and in the course of this sliding disintegration, the axonemes extended in length up to 8 times their normal length.
In Fig. 4 , we show a numerical simulation of sliding disintegration. The initial condition for the simulation is identical to that shown in the following simulations of ciliary beating. That is, the "laments initially form vertical lines. The cilium is set in LR mode. Here, we have no tethering forces at the base of the axoneme and there is no cell wall. An asterisk shows the location of a -uid markers. These markers represent points that move at the local #uid velocity and have no in#uence on the simulation.
SYMMETRIC CILIARY BEAT
A typical ciliary beat cycle includes a power stroke, also known as an e!ective stroke, followed by a recovery stroke. This asymmetric beat results in a net #uid #ow at the low Reynolds numbers associated with ciliary motion. In order to achieve the asymmetry, the spatial-temporal pattern of dynein activation must be di!erent during the power and recovery strokes. The pattern of dynein activation in the 9#2 axoneme has been simulated for ciliary beating in Paramecium (Sugino & Naitoh, 1982) . Broadly speaking, during the power stroke there is a constant activation of the dyneins on one side of the axoneme over the full length of the cilium. During the recovery stoke, the dyneins on the opposite side are activated in a wave moving from base to tip (Murase, 1992 ). In our model cilium simulations, we produce a power stroke by activating each dynein in (say) the LR mode. During the recovery stroke, the dyneins are activated sequentially from base to tip. While inactive, the dyneins generate no force and do not in#uence the behavior of the cilium. The mechanism for generating a recovery stroke will be described in more detail below.
We show in Fig. 5 a sequence from a simulation of symmetric ciliary beating with a power stroke in the LR and RL modes. During a power stroke, the dyneins are uniformly activated. That is, every dynein produces force. Note that the force produced by each dynein depends upon its length [see eqn (12)]. Since the base of the axoneme is tethered to a "xed location, the greatest intermicrotubule displacement occurs at the tip. As the microtubules slide, dyneins detach and reattach to the nearest proximal attachment sites. We employ a geometric switch, similar to that used by Gueron et al. (1997) , to determine when the cilium beat changes directions. We monitor the shear between microtubules and change the direction of the ciliary beat once the shear has exceeded a speci"ed threshold. For example, the dynein con"guration switches from LR mode to RL mode when the tip of the right microtubule has slid distally a prescribed distance, as measured in attachment site units N % , relative to the tip of the left microtubule. The same mechanism is used to switch from the RL mode to the LR mode. The required sliding distance N % at the tip necessary to invoke this geometric switch is chosen arbitrarily and determines how far the microtubule will bend before the stroke direction is reversed. In the simulations shown here, the switch occurs when the dynein attachment site at the tip is 8 attachment sites (N % "8) from its initial con"guration.
The frames in Fig. 5 show one symmetric ciliary beat. The full simulation ran for several beats. From the location of the #uid markers, we can ?In the algorithm shown here, the leading edge of dynein activation is set several nodes beyond the point of maximum curvature once p K?V *70. Prior to making this adjustment, the cilium had a tendency to stall at some stage in the recovery stroke.
see that there is essentially no net #uid #ow due to the high degree of symmetry in the LR and RL components of the beat.
CURVATURE-CONTROLLED RECOVERY STROKE
In this section, we show results of a simulation with an asymmetrical beat featuring a power stroke in LR mode and a recovery stroke in the RL mode. The change of directions is accomplished by the geometric switch mechanism described above. Once the recovery stroke is initiated, a traveling wave of dynein activation proceeds from base to tip. The traveling wave speed is not imposed during the simulation but is controlled by a curvature-control algorithm.
Recovery Stroke Curvature Control Algorithm. Throughout the recovery stroke the dynein con-"guration is set to the RL mode. At time tL, dyneins in the RL mode with indices less than or equal to pL are activated, dyneins with indices greater than pL are inactive. The algorithm for updating the index pL is as follows. At the beginning of time step tL, we 1. approximate the curvature G , i"1, 2 , N N , at the location of i-th dynein from the con-"guration of the "lament to which the dyneins are permanently attached; 2. determine p K?V , the index of greatest axonemal curvature where p K?V satis"es In this mechanism, the parameter pL marking the leading edge of the dynein activation cannot decrease. Although dynein activation extends from the cilium base to a point just beyond the point of maximum curvature, activation cannot advance until the point of maximum curvature has moved at least one node distally. The increases of pL do not occur at regular time intervals. In fact, these time intervals are highly irregular.
In Fig. 7 , we show snapshots from one complete ciliary beat from the same simulation. In Fig. 8 , we show snapshots of the axoneme and selected #uid markers at the end of successive e!ective strokes. It is clear from the location of the #uid markers that there is a net #uid #ow toward the right. The faster moving #uid markers have a net #uid velocity of 140}200 m s\ (1.4}2;10\ cm s\). This is comparable to the swimming velocities of spermatozoa and within an order of magnitude of the typical swimming velocities of ciliates (Childress, 1981) . The ciliary beat shown here is approximately 80 Hz*faster than a typical ciliary beat of 20 Hz. Note that the dynein sti!ness constants (shown in Table 1) in the e!ective stroke are larger than in the recovery stroke. Because of the larger dynein sti!ness constant, the duration of the e!ective stroke is shorter than the recovery stroke.
VISCOSITY
In order to see how our model behaved under variable viscosity we ran several simulations with viscosity set at 0.5, 1.0, 1.5, 2.0 and 2.5 cP. (1 cP corresponds to a standard #uid viscosity for water of "0.01 cm s\). At 0.5 cP we halved the computational time step in order to avoid numerical instabilities. There were no other changes of parameters. Figure 9 shows the e!ects of viscosity on the duration ¹ of the model ciliary beat. The results shown here are qualitatively similar to those shown in Minoura & Kamiya (1995) in a study on the e!ects of viscosity on various Chlamydomonas mutants. In the Chlamydomonas study, only viscosities at or above 1 cP were employed. The change in viscosity also e!ects the ciliary waveform (see Fig. 10 ). In each panel, one complete cycle is depicted at equally spaced time intervals. The cilium move progressively slower as viscosity is increased. But there are also changes in the wave form. For example, the axoneme is nearly horizontal at the end of the recovery stroke in the lowest viscosity case shown in panel (a). This may be an artifact of the model. We also look at the ratio of the e!ective stroke ¹ C to the duration of the recovery stroke ¹ P . The ratios ¹ C /¹ P were 0.675 (cP"0.5), 0.73387 (cP"1.0), 0.784 (cP"1.5) 0.696 (cP"2.0) 0.752 (cP"2.5). There is some experimental data to suggest that the ratio ¹ C /¹ P moves toward 1 in some multiciliary systems as viscosity increases toward cP"40 (Gheber & Priel, 1998) . We intend to explore further this phenomenon at higher viscosities and with a multicilia version of this model.
Discussion
We have presented a new model based on the immersed boundary method for studying ciliary motion. The numerical results demonstrate the feasibility of this #uid}structure interaction model to simulate the ciliary beat. Instead of idealizing the cilium as a slender body, our model includes a detailed representation of the axoneme's ultrastructure. As shown in the work of Summers & Gibbons (1971) and Sale & Satir (1977) , the production of bending in #agella and cilia depends upon the dynein-induced sliding of adjacent pairs of microtubules. We model the mechanics of the microtubule/dynein interaction by means of an explicit representation of the dyneins, nexins and microtubules. As shown in the computer simulation of sliding disintegration, the model microtubules can slide a great distance if the microtubules at the base of the cilium are not attached to a cell body. If the microtubule "laments are tethered, the same model produces a ciliary beat. Because of the discrete representation of the axoneme's ultrastructure, our model provides detailed information on the con"guration of the individual microtubules, the spacing between the microtubules, as well as the con"guration of the dyneins. Here, we used the local curvature to govern the control of dynein activation during the recovery stroke. In future work, we will use the detailed information of the axonemal con"guration to investigate alternative models of dynein activation in both ciliary and #agellar motion.
The cilia model is robust in the sense that the axonemal structure shows no signs of degradation over several ciliary beats and gives reasonable results over a range of #uid viscosities. Thus, it will be feasible to study the interaction of several cilia over a number of beats. It is important to note that the dynein density in the simulations shown here was approximately 9 m\ compared with a density of 40 m\ for the inner dyneins in real cilia. It is certainly feasible to include the correct number with grid re"nement. We have already successfully ran numerical simulations (not shown here) of a skinnier model cilium of the same height but one-half the width by using a "ner grid in which the dynein density was about 20 m\.
We have made no attempt as yet to "ne tune the model parameters towards any particular ciliary system. For instance, the beat frequency of the ciliary beat shown in Section 3.3 is 3 or 4 times faster than typical ciliary beats. It is a simple matter to change the beat frequency of the model cilium with a symmetric beat as in Section 3.2 with power strokes in both directions. One needs only to change the spring constant S " that determines the strength of the dynein force generation. In this case, increasing the dynein force strength leads to a faster beat with a similar wave form. However, there is not a single parameter that controls the beat frequency of the ciliary beat with a recovery stroke. The speed and shape of the recovery stroke depends upon the coupled nonlinear relationship between dynein forces, the #exural properties of the microtubules as well as the speed of the base-to-tip wave of dynein activation. Thus, changing the dynein force also changes the form of the recovery stroke. It is, nevertheless, possible to tune the model parameters to achieve a desired beat frequency with a wave form of the right qualities.
In the future we will consider two general areas of development for the ciliary/#agellar motion model. The "rst is the obvious extension to three dimensions and we will initially present a simpli"ed three-dimensional model with two microtubules similar to the one shown here. The simulation run times are much shorter for twodimensional models. Because of this, it makes sense to investigate a variety of phenomena initially with the two-dimensional model. In particular, we are constructing alternative mechanisms for controlling dynein activation that include explicit representation of geometrydependent chemical kinetics and will consider in detail how well the various mechanisms reproduce experimental results associated with changing viscosity and ATP concentrations. The model will also be used to look at #agellar motion and multiciliary interaction.
